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Abstract. Drawing parallels with the theory of hyperplane arrangements, we develop the 
theory of arrangements of submanifolds. Given a smooth, finite dimensional, real manifold 
X we consider a finite collection A of locally flat codimension 1 submanifolds that intersect 
like hyperplanes. To such a collection we associate two posets: the poset of faces and the 
poset of intersections. We also associate a topological space to the arrangement. The com- 
plement of union of tangent bundles of these submanifolds inside the tangent bundle of the 
ambient manifold which we call the tangent bundle complement. Our aim is to investigate 
the relationship between combinatorics of the posets and topology of the complement. 

Using the Nerve lemma we show that the tangent bundle complement has the homotopy 
type of a finite simplicial complex. We generalize the classical theorem of Salvetti [21, Theorem 
1] for hyperplane arrangements and show that this particular simplicial complex, called the 
Salvetti complex, is completely determined by the face poset. We also characterize all the 
connected covers of this complex, thus generalizing the work of Delucchi [7] and Paris [19]. 



Introduction 

An arrangement of hyperplanes is a finite set A consisting of linear (or affine) codimension 
1 subspaces of M'. These hyperplanes and their intersections induce a stratification of the 
ambient space. The strata form a poset when ordered by inclusion and the set of all possi- 
ble intersections forms a poset ordered by reverse inclusion. These posets contain important 
combinatorial information about the arrangement. The topological objects associated with an 
arrangement A are the real complement C{A) and the complexified complement M{A). The 
real complement is the complement of the union of hyperplanes in M} , whereas the complexified 
complement is the complement of the union of the complexified hyperplanes in C'. One of 
the important aspects of the theory of arrangements is to understand the interaction between 
the combinatorial data of an arrangement and the topology of these complements. For exam- 
ple, one would like to comprehend to what extent the combinatorial data of an arrangement 
control the topological invariants, such as (co)homology or homotopy groups etc., of these 
complements. 

In this paper we introduce a generalization of real hyperplane arrangements which we call as 
the arrangements of submanifolds of codimension 1. We consider situations in which finitely 
many submanifolds of a given manifold intersect in a way that the local information is same 
as that of a hyperplane arrangement but the global picture is quite different. Intuitively 
speaking it means that for every point on that manifold there exists a coordinate neighborhood 
homeomorphic to an arrangement of real hyperplanes. We also introduce an analogue of 
the complexified complement in this new setting and call it the tangent bundle complement. 
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All the results proved in this paper attempt to answer the following question: how does the 
combinatorics of the intersections of these submanifolds help determine the topology of the 
tangent bundle complement? 

The topological study of the complement of a complexified hyperplane arrangement can be 
traced back to the work of Arnold on braid groups and configuration spaces. His results led 
Brieskorn to conjecture that the (complexified) complement of a real reflection arrangement is 
a K{tt, 1) space (i.e. its universal cover is contractible) . In 1973, Deligne settled this conjecture 
in [6] . His first step was to parametrize the universal cover of the complement by sequences of 
adjacent chambers (the galleries in the Coxeter complex). Using the earlier work of Garside [11] 
on the conjugacy problem for braid groups he showed that these positive paths can be expressed 
in a particular normal form. This normal form was the main ingredient in proving that the 
constructed universal cover was contractible. We should also note that it is still an open 
question whether having a K{tt, 1) complement is a combinatorial property. Deligne's work 
has greatly influenced research in hyperplane arrangements and geometric group theory. For 
example, existence of a bi-automatic structure in finite type Artin groups as proved in [3] and 
the discovery of Garside groups in [5] are consequences of Deligne's work. 

The combinatorial nature of Deligne's arguments led to the search for combinatorial models 
for the complement, i.e., cell complexes built using the combinatorial data of an arrangement 
that are homotopy equivalent to the complement. One such model, the Salvetti complex, was 
introduced by Salvetti in [21]. He showed that the incidence relations in the underlying face 
poset are sufficient to build this CW complex. His construction was generalized to complex 
arrangements in [1] where the authors also showed that the face poset determines the home- 
omorphism type of the complement. Combinatorial models for the connected covering spaces 
have also been constructed, see for example [7,19]. 

The crux of this paper is the generalization of Salvetti's result. We prove that the incidence 
relations in the face poset of a submanifold arrangement determine a cell complex that has 
the homotopy type of the tangent bundle complement (Theorem 3.7). 

The paper is organized as follows. We state necessary background material in Section 1. 
In Section 2 we define the arrangement of submanifolds and present some examples. We then 
introduce the tangent bundle complement in Section 3 and prove that it has the homotopy 
type of a finite dimensional simplicial complex. We show that this simplicial complex is deter- 
mined by the combinatorics of the incidence relations induced by submanifold intersections. In 
Section 4.1 we construct a regular CW complex which also has the homotopy type of this com- 
plement. This particular cell structure helps us better understand the relationships between 
the combinatorics and the topology in the context of submanifold arrangements. In Section 
4.2 we show that this CW complex has a special combinatorial structure similar to that of 
zonotopes. We use the theory of metrical-hemisphere complexes (first introduced in [22]) to 
explain this combinatorial structure. Finally in Section 5 we study some homotopy theoretic 
aspects of the tangent bundle complement. First, we describe how the relations in the fun- 
damental group of the complement depend on the face poset of the arrangement and also 
comment on the higher homotopy groups of the complement. We end with a description and 
characterization of the connected covering spaces in Section 5.2. 

This particular generalization of hyperplane arrangements and the complexified complement 
is due to Tduesz Januskeweisz and Richard Scott. A video recording of Richard Scott's talk 
at M.S. R.I. is available at [23]. 
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1. Background 

We start by briefly reviewing some basic facts about (complexified) hyperplane arrange- 
ments. 

1.1. Hyperplane Arrangements. Hyperplane arrangements arise naturally in geometric, 
algebraic and combinatorial instances. They occur in various settings such as finite dimensional 
projective or afhne (vector) spaces defined over field of any characteristic. In this section we 
will formally define hyperplane arrangements and the combinatorial data associated with it in 
a setting that is most relevant to our work. 

Definition 1.1. A real, central arrangement of hyperplanes is a collection A = {Hi, . . . ,Hk} 
of finitely many codimension 1 subspaces (hyperplanes) in M', / > 1. 

If we allow A to contain affine hyperplanes (i.e., translates of codimension 1 subspaces) we 
call A an affine arrangement. However we will mostly consider central arrangements. Hence, 
an arrangement of hyperplanes will always mean central, unless otherwise stated. 

An arrangement is essential if the intersection of all the hyperplanes is the origin. For an 
affine subspace X of M', the contraction of A in ^ is given by the sub-arrangement Ax '■= 
{H G ^ I A C H}. The hyperplanes of A induce a stratification (cellular decomposition) of 
M}, components of each stratum are called faces (or cells) of A. 

There are two posets associated with A, namely, the intersection lattice and the face poset 
which contain important combinatorial information about the arrangement. 

Definition 1.2. The intersection lattice L(A) of A is defined as the set of all intersections of 
hyperplanes ordered by reverse inclusion. The join of two elements is defined as the intersection 
of corresponding subspaces and the meet is defined as the smallest subspace containing the 
union. 

Note that for affine arrangements, set of all intersections only form a poset and not a lattice. 

Definition 1.3. The face poset J-^{A) of A is the set of all faces ordered by inclusion: F < G 
if and only if F C G. 

Codimension faces are called chambers, the set of all chambers is denoted by C{A). A 
chamber is bounded if and only if it is a bounded subset of M'. Two chambers C and D are 
adjacent if and only if they have a common face. 

By a complexified hyperplane arrangement we mean that an arrangement of hyperplanes 
in such that the defining equation of each hyperplane is real. Hence to every hyperplane 
arrangement in M' there corresponds an arrangement of hyperplanes in An important 
topological space associated with a real hyperplane arrangement is: 
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Definition 1.4. Let A denote a hyperplane arrangement in M . The complexified complement 
of such an arrangement is denoted by M{A) and defined as 

M{A) := \ ( U He) 

where H^, is the hyperplane in C' with the same defining equation as, H ^ A. 

Note that since M{A) is of real codimension 2 in C', it is connected. In fact it is an open 
submanifold of C' with the homotopy type of a finite dimensional CW complex [17, Section 
5.1]. 

1.2. The Salvetti Complex. There is a combinatorial description of the homotopy type of 
M{A) introduced by Salvetti in [21]. By a combinatorial description we mean a construction, 
using the combinatorial data, of a regular CW-complex of dimension n which has the same 
homotopy type as that of M[A). Note that this particular cell complex, which we denote by 
Sal{A), is defined using the face poset and not the intersection lattice. 

The fc-cells of Sal{A) are in one-to-one correspondence with the pairs [i*", C], where F is a 
codimension k face of the given arrangement and C is a chamber whose closure contains F. A 
cell labeled [Fi, Ci\ is contained in the boundary of another cell [F2, C2] if and only if Fi < F2 
in J- (A) and Ci,C2 are contained in the same chamber of (the arrangement) Api (with the 
attaching maps being homeomorphisms) . The seminal result of Salvetti is: 

Theorem 1.5 (Salvetti [21]). Let A be an arrangement of real hyperplanes and M(A) be the 
complement of its complexification inside C'. Then there is an embedding of Sal{A) into M{A) 
moreover there is a natural map in the other direction which is a deformation retraction. 

As we are going to generalize this construction and extensively study its combinatorial and 
topological properties we skip a detailed discussion here. There is another proof of Salvetti's 
result by Paris in [19]. We would like to mention this result since we adopt a similar strategy 
to prove our main result (Theorem 3.7). 

Theorem 1.6 (Paris [19]). Let A be an arrangement of real hyperplanes and M{A) be the 
complement of its complexification inside C'. Then for every pair in the set {{F, C) G ^{A) x 
C{A) \ F < C} there corresponds an open set of M{A) such that the union of all these sets is 
an open covering of M{A). Moreover each of these open sets are contractible and so are their 
intersections and consequently (the geometric realization of) the nerve of this open covering 
has the homotopy type of M{A). 

In general the above geometric realization is the barycentric subdivision of the CW complex 
Sal{A). As a result, every d-chain in the nerve corresponds to a closed d-cell in Sal{A), and 
vice versa. 

1.3. Topological Combinatorics. The main theme underlying our work is to understand 
interactions between combinatorics and topology in a particular context. For the sake of 
completeness and also in order to fix notation we lay out some foundation in this section. 
We start by a quick review of order complexes, the Nerve lemma and regular cell complexes. 
We assume the reader's familiarity with abstract simplicial complexes and posets. The main 
reference is Kozlov's book [15]. 

At the end we state relevant results from homotopy theory applied to combinatorial settings. 
The approach we want to take here is more concrete; we would like to leave the complete 



SUBMANIFOLD ARRANGEMENTS 



5 



generality of diagrams over arbitrary categories and focus on small, directed categories. The 
reference is the work of Welker, Ziegler and Zivaljevic on homotopy colimits of spaces [24]. 

A standard n-simplex is defined as the convex hull of standard unit basis in M""''^. The fol- 
lowing construction (and its generalizations) will be used as a path to move from combinatorics 
to topology. 

Definition 1.7. Given a finite abstract simplicial complex A, its standard geometric realiza- 
tion is the topological space obtained by taking the union of standard A;-simplex in RI^I, for 
all simplices of dimension k. Any topological space that is homeomorphic to the standard 
realization of A is called the geometric realization of A, and is denoted by |A|. 

By convention a topological statement about an abstract simplicial complex is actually a 
statement about its geometric realization. For the sake of simplicity, in this paper, we will not 
differentiate between an abstract simplicial complex and its geometric realization. We will let 
the context decide. A simplicial map between two simplicial complexes induces a continuous 
map between the corresponding geometric realizations. 

Definition 1.8. The order complex A(P) of a poset P is the abstract simplicial complex on 
vertex set P whose fe-faces are the A;-chains in P. Again, we will not differentiate between the 
order complex and its geometric realization. 

A poset map between two posets induces a simplicial (or continuous) map between the 
corresponding order complexes. Given a simplicial complex A, the set of its faces ordered by 
inclusion forms a poset which is called as the face poset. The order complex of this face poset 
is called the (first) barycentric subdivision denoted by sd{A). The spaces |A| and |s(i(A)| are 
homeomorphic. Thus from a topological viewpoint simplicial complexes and posets can be 
considered equivalent notions. 

Next we consider the Nerve Lemma, which often helps simplify a given topological space for 
combinatorial applications. Recall that an open covering of a topological space is a collection 
of open subsets of the space such that their union is the space itself. The nerve of an open 
covering is a simplicial complex whose vertices correspond to the open sets and a set of 
k-\-l vertices spans a fe-simplex whenever the corresponding k + 1 open sets have a nonempty 
intersection (we will refer to the geometric realization of a nerve as the nerve itself). In general 
the nerve need not reflect the topology of the ambient space, but the following result gives a 
useful condition when it does. 

Theorem 1.9 (Theorem 15.21 [15]). IfU is a finite open cover of a topological space X such 
that every non empty intersection of open sets in lA is contractible, then X ~ nerve (U) . 

We now mention some basic facts about the cell complexes that frequently occur in Topolog- 
ical Combinatorics. It is often the case that given some combinatorial data one would like to 
synthetically construct a topological space consistent with the data. The geometric simplicial 
complex is one such example. We consider a more general class of regular cell complexes. A 
subset e of a topological space X is called a closed (open) k-cell if it is homeomorphic to (the 
interior of) the standard A;-ball in M'^. 

Definition 1.10. A regular cell complex {X,C) is a pair consisting of a Hausdorff space X 
and a finite collection C of open cells in X such that 

(1) ^ = Ue6Ce, 
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(2) the boundary e \ e of each ceh is a union of some members of C. 

Given a (regular) CW complex X the set consisting of its cells ordered by inclusion forms 
a poset. This poset is called as the face poset and it is denoted by T{X). We state a result 
concerning regular cell complexes which is important from the combinatorial view point. 

Theorem 1.11. Let {X,C) be a regular cell complex and J-{X) be its face poset. Then 

A(J^(X)) ^ X. 

Furthermore, this homeomorphism can be chosen so that it restricts to a homeomorphism 
between e and A(J^<e), for all e £ C. 

A diagram of spaces indexed over a poset is a covariant functor D: P ^ Top from a finite 
poset P to the category topological spaces and continuous maps (in this case V will be called 
a P-diagram). Note that a poset is a small category, with objects being elements of the poset 
and morphisms being defined from p to if and only if p > q. 

Definition 1.12. Consider a diagram D: P ^ Top over a poset P, then the homotopy colimit 
of V is defined as 

hocolimP := ]J(A(P<3;) x V{x))/ ~ 

where A denotes the order complex and P<x '■= {y £ P\y < x}. The equivalence relation ~ is 
defined by following identifications 

A(P<,) X V{y) ^ AiP<y) X V{y) 

and 

A(P<,) X V{y) '^^^ A(P<,) X V{x) 
where y > x and fyx : 'D{y) — )• 'D{x). 

In its simplest form the next theorem provides sufficient conditions for a map between two 
posets to be a homotopy equivalence at the level of order complexes. 

Theorem 1.13 (Quillen's theorem A [24]). Let f : P ^ Q be a poset map such that A{f^^{Q>q)) 
is contractible \/q. If V is any Q-diagram and f*V the corresponding (pull back) P-diagram 
then, 

hocolimp(/*P) ^ hocolimgP. 

We now look at an explicit connection between the order complex and the homotopy colimit 
construction. 

Definition 1.14. Let P be a poset. A diagram of posets is a diagram indexed over P that 
assigns a poset Qp to each p £ P. 

Given a diagram of posets V we construct a new poset, called as the poset limit of P. It is 
denoted by PlimP and defined as follows: 

PlimP xQp. 
pep 

The order relations are: 

\ p > p' and 



{p,q) > {p,q ) <^ 



fpp'ig) > q'- 
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For a diagram of posets its homotopy colimit is indeed an order complex as the following 
lemma suggests. 

Lemma 1.15 (Simplicial Model Lemma [24]). Let D: P ^ Top be a diagram of posets. Then 

hocolimP ~ A(PlimI?). 

The above lemma is a special case of the Grothendieck construction, which is used to define 
the homotopy colimit of a diagram of categories. 

2. Arrangements of Submanifolds 

In this section we propose a generalization of hyperplane arrangements. In order to do this 
we isolate their important characteristics: 

(1) there are finitely many codimension 1 subspaces (with nonempty intersections) discon- 
necting the ambient space, 

(2) there is a stratification of the ambient space into contractible subsets, 

(3) (the geometric realization of) the face poset (of the above stratification) has the ho- 
motopy type of the ambient space. 

Any reasonable generalization of hyperplane arrangements should posses these properties. 
Since smooth manifolds are locally Euclidean they are obvious candidates for the ambient 
space. In this setting we can study arrangements of codimension 1 submanifolds that satisfy 
certain nice conditions, for example, locally, we would like our submanifolds to behave like 
hyper planes. 

We recall some relevant results from topological embeddings (the main reference is [20]). 
An Z-dimensional (topological) manifold is a separable metric space in which each point has 
a coordinate neighborhood homeomorphic to M'. An embedding of a topological space X into 
a topological space y is a homeomorphism f : X ^ Y oi X onto a subset of Y. Two such 
embeddings /, g are said to be equivalent if there is a self homeomorphism h of Y such that 
hf = g. Our focus is on the codimension 1 smooth submanifolds that are embedded as closed 
subsets. These type of submanifolds behave very much like hyperplanes. 

Lemma 2.1. If X is a connected l-manifold and N is a connected {I — l)-manifold embedded 
in X as a closed subset, then X\N has either 1 or 2 components. If in addition Hi{X, Z2) = 
then X \ N has exactly two components (i.e. N separates X). 

Proof. The lemma follows from the following exact sequence of pairs in mod 2 homology: 

Hi{X,Z2) ^ HiiX,X\ N,Z2) ^ Ho{X \ iV,Z2) ^ Ho{X,Z2) = 0. □ 

Lemma 2.2. Let X be a connected l-manifold and let N be a connected, {I — l)-submanifold 
embedded in X as a closed subset. Then N separates X if and only if the inclusion induced 
homomorphism H^^^(X,'Z2) — s- H"^^^ {N ,^2) (on the cohomology with compact supports) is 
trivial. 

Proof. The proof is a simple diagram chase: 

H^-\X,'L2) > H^-^N, Z2)^Z2 

Hi{X,Z2) > Hi{X,X\N,Z2) > HoiX\N,Z2) ^ 0. □ 
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However in general it is not true that all codimension 1 submanifolds separate the ambient 
manifold there are weaker conditions. 

Definition 2.3. A connected codimension 1 submanifold in X is said to be two sided if N 
has a neighborhood Ui\i such that Un \ N has two connected components; otherwise is said 
to be one sided. In general a disconnected codimension 1 submanifold is two sided if each of 
its connected component is two sided. 

Note that being two sided is in some sense a local condition. For example, a point in does 
not separate S^, however, it is two sided. The following corollary follows from the definition. 

Corollary 2.4. If X is a l-manifold and N is a (l — 1) manifold embedded in X as a closed 
subset, where Hi{N,'L2) = then N is two sided. 

According to the above result MP^ ^ MP'^ is clearly not two sided. On the other hand 
there is a still weaker notion of separation which is always true. 

Corollary 2.5. Every codimension 1 submanifold N is locally two sided in X; that is, each 
X £ N has arbitrarily small connected neighborhoods Ux such that Ux \ {Ux Ci N) has two 
components. 

An n- manifold A^ contained in the interior of an /-manifold X is locally flat at x G A^°, if 
there exists a neighborhood Ux of x in X such that {Ux, UxflN)^ (M',M"). An embedding 
f:N^X such that /(A^°) C X° is said to be locally flat at a point x £ N if f{N) is locally 
flat at f{x). Embeddings and submanifolds are locally flat if they are locally flat at every 
point. 

It is necessary to consider the locally flat class of submanifolds otherwise one could run 
into pathological situations. For example, the Alexander horned sphere, it is an (non flat) 
embedding of inside such that the connected components of its complement are not 
even simply connected (see [20, Page 65]). Finally we add a technical condition so that these 
locally flat submanifolds intersect like hyperplanes. 

Definition 2.6. Let A be a manifold of dimension I and let {A^i, . . . , N^}, {k > 2) be codimen- 
sion 1, locally flat submanifolds of X. We say that these submanifolds intersect like hyperplanes 
if and only if for every nonempty y C A which can be written as y = nj^^^A^j, (j < I) and for 
every x £Y there exists an open neighborhood of x and a coordinate chart (j)x'. Vx ^ ^ 
such that for each Aj containing x, the image (j)x{Ni H Vx) is a hyperplane passing through the 
origin. 

See [9, Chapter 6] for an example of locally flat embeddings of planes in M'^ that do not 
intersect like planes. The desired generalization of hyperplane arrangements is the following: 

Definition 2.7. Let A be a connected, smooth, real manifold of dimension /. An arrange- 
ment of submanifolds is a finite collection A = {Ni, . . . ,Nk} of codimension 1 locally flat 
smooth submanifolds in X such that 

(1) The Aj's intersect like hyperplanes. 

(2) X \Ni has exactly two connected components for every i. 

(3) The intersections of Aj's define a regular CW decomposition of X. 

The submanifolds in an arrangement are allowed to have more than one connected component. 
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Before we convince the reader that this is the right setting, let us first look at how we can 
associate combinatorial data to such an arrangement and a few examples. Just like in the case 
of hyperplane arrangements, the intersection sets determined by these submanifolds have a 
combinatorial structure. 

Definition 2.8. The intersection poset denoted by L{A) is the set of connected components 
of all possible intersections of Ni's ordered by reverse inclusion, by convention X G L{A) as 
the smallest element. The rank of each element in L{A) is defined to be the codimension of 
the corresponding intersection. 

Definition 2.9. The intersections of these A'j's in A define a stratification of X. The connected 
components in each stratum are called faces. The set of all the faces, denoted by J- (A), is the 
face poset with the ordering F < G 4^ F G. The rank of each face is its dimension. Top 
dimensional faces are called chambers and the set of all chambers is denoted by C{A). 

If there is no confusion about the arrangement, we will omit A and denote the two posets 
by F and L. The geometric realization of the face poset of an arrangement has the homotopy 
type of the ambient manifold (follows from the definition and Theorem 1.11). 

The obvious examples of these submanifold arrangements are the hyperplane arrangements. 
Let us look at different types of arrangements. 

Example 2.10. Let X be the circle S^, a smooth one dimensional manifold, the codimension 
1 submanifolds are points in S^. Consider the arrangement A = {p, q} of a 0-sphere. Figure 1 
shows this arrangement and the Hasse diagrams of the face poset and the intersection poset. 



A 




p q 



Figure 1. Arrangement of 2 points in a circle. 

Example 2.11. As a 2-dimensional example consider an arrangement of 2 great circles A'^i, N2 
in S'^. Figure 2 shows this arrangement and the related posets. The face poset has two 0- 
cells, four 1-cells and four 2-cells. Also note that the order complex of the face poset has the 
homotopy type of 5^ . 

Recently there has been an increase in interest to study arrangements in a torus (see for 
example [16]). We refer the reader to [9, Chapter 4] for an explicit treatment of toric arrange- 
ments, arrangements of spheres and of projective spaces. A few notations before we show that 
arrangements of submanifolds are locally arrangements of hyperplanes. 
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Figure 2. Arrangement of 2 circles in a sphere. 

Definition 2.12. Let A be an arrangement of submanifolds, let Acc denote the set of all 
connected components of members of A. For a point x £ X define the local arrangement at x 
as follows: 

A- := {N £Acc\x£ N} 
Similarly for a face F local arrangement at F is: 

Af ■■= {N eAccl F C N} 

The restriction of a local arrangement to an open set V Q X is: 

Af\v ■■= {NnV\N G Af} 

Lemma 2.13. Let F be a face of an arrangement A (that is F & F{A)). Then there exists 
an open set Vf ^ X containing F and a map 4>: — )• M' such that 

(1) VfHN = ^ for every N ^ Af- 

(2) (p is a homeomorphism. 

(3) 4> maps Af\vf ^ central arrangement of hyperplanes in MJ. 

Proof. Each submanifold € Acc has an open neighborhood in X which is homeomorphic to 
N X (—1, 1) (this follows from Brown's bicollared theorem [20, Theorem 1.7.5]). We call such 
an open neighborhood the bicollar of the submanifold. A face F is homeomorphic to an open 
cell of some dimension and is an intersection of finitely many codimension 1 submanifolds. 
Take the open set Vf to be the intersection of all the bicollars containing F. Moreover this 
Vf can be chosen such that it intersects with only those faces which contain F. 

Since X is a smooth manifold, there exists a homeomorphism </>: Vf — >• M^, say a coordinate 
chart. If necessary (p can be composed with a homeomorphism of MJ so that for every A^ 
containing F, the set N Ci Vf is mapped to a codimension 1 subspace of M'. As is a 
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homeomorphism it preserves the incidence relations between the faces, thus preserving the 
combinatorial structure of the local arrangement □ 

Thus every point x £ X has an open neighborhood in X which is homeomorphic to a 
central arrangement of hyperplanes with x at its origin. The hyperplanes in that arrangement 
correspond to N CiVx for every S Ax- 

3. The Tangent Bundle Complement 

The aim of this section is to associate a connected topological space to submanifold arrange- 
ments that generalizes the construction of complexified hyperplane complement. If one were 
to forget the complex structure on then, topologically, it is the tangent bundle of M'. Same 
is true for a hyperplane H and its complexification Hq . Hence the complexified complement of 
a hyperplane arrangement can also be considered as a complement inside the tangent bundle. 
We use this topological viewpoint to define a generalization of the complexified complement 
for submanifold arrangements. 

Definition 3.1. Let X be a Z-dimensional manifold and A = {Ni, . . . , N^} be an arrangement 
of submanifolds. Let TX denote the tangent bundle of X and let TA := Ui=i'^^«- 'T^^ 
tangent bundle complement of the arrangement A is defined as 

M{A) := TX \ TA. 

It is connected as it is of codimension 2 in TX. 

For a point x £ X and for all N G Ax, let Tx{A) = \jTx{N). Define the tangent space 
complement at x G X as 

M{Ax) ■.= Tx{X)\Tx{A). 
Then M{A) can be rewritten as follows 

M{A) = {{x,v) \xeX,ve M{Ax)}. 

We start the study of M{A) by first understanding the tangent space complement M{Ax). 

Lemma 3.2. Let F G J' (A) and letcj): — t- be a coordinate chart for an open neighborhood 
Vp of F. Then for every x G Vp, 

M{Ax) = (I){Vf\{Ax\v^)). 

Proof. Observe that the linear map {dcl))x. Tx{X) — t- (piVp) (= M') is an isomorphism and for 
the same reasons r^(iV) = 4>{N D Vp) (= M'^^) for every N G Ax- The map M{Ax) 
(^(Vp\ (^xlvp)) defined by sending {x,v) i— )• ((i0)^((x, f )) is a homeomorphism independent of 
the choice of coordinates. □ 

Remark 3.3. Since (plAxlvp) is an arrangement of hyperplanes in (l){Vp) (Lemma 2.13), Tx{A) 
is an arrangement of hyperplanes in Tx{X). Moreover, the two arrangements have isomorphic 
face posets as well as intersection lattices. 

As a consequence of the above lemma the connected components of the tangent space 
complement M{Ax) can be indexed by the chambers of ^xly^^. Let F be a face and C be a 
chamber of A such that FCC, for every x G F define 



(3.1) 



Cp{x) := {(x, v) G M{A) I $((x, v)) G (piC H Vp)}. 
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Figure 3 is a 2-dimensional example that illustrates Lemma 3.2, showing the two homeo- 
morphisms and a component Cf{x) of the tangent space complement. 




Figure 3. The tangent space complement 

Before stating the main theorem of this section let us mention one more definition. A 
submanifold of .4 separates two chambers C and D if and only if they are contained in the 
distinct connected components X\N. For two chambers C, D the set of all the submanifolds 
that separate these two chambers is denoted by R{C, D). The following lemma is now evident. 

Lemma 3.4. Let X he a l-manifold and A be an arrangement of submanifolds, let Ci, C2, C3 
be three chambers of this arrangement. Then, 

R{Ci,C^) = [R{Ci, C2) \ R{C2, C3)] \J[R{C2, C3) \ R{C2, Ci)]. 

The distance between two chambers is defined as the cardinality of R{C, D) and denoted by 
d{C, D). Given a face F and a chamber C of a submanifold arrangement A, define the action 
of F on C as follows: 

Definition 3.5. A face F acts on a chamber C to produce another chamber F oC satisfying: 

(1) F C _ 

(2) d{C, FoC)= min {d{C, C) \ C e C{A),F C 'U}. 

Lemma 3.6. With the same notation as above, the chamber FoC always exists and is unique. 
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Proof. First, note that F o C = F \i and only if F itself is a chamber. Let codimi*" > 1 so, 
F = Ni D ■ ■ ■ D Nr- Let A' = {Ni, . . . ,Nr}, the collection A' need not be an arrangement 
of submanifolds. However, A' defines a stratification of the manifold and we will refer to the 
codimension components of this stratification as chambers. There exists a unique chamber 
C of A' which contains C. Then define F oC to be the unique chamber of A that is contained 
in C and whose closure contains F. □ 

If , F' > F are two faces then F' o {F o C) = F' o C. Also, if F C (7 then FoC = C. Now 
we state the main theorem of this section. 

Theorem 3.7. Let A he an arrangement of submanifolds in an I -manifold X with J- as its 
face poset and M{A) as the associated tangent bundle complement. Then there exists a finite 
open cover of M(A) such that each open set is indexed by a face F and a chamber C whose 
closure contains F. Moreover, each of these open sets is contractible and their intersections 
are contractible. 

Proof. For every face F fix an open set Vp that completely contains F and has non-empty 
intersections with only those faces whose closures contain F (this is possible because of Lemma 
2.13). Observe that {Vp | F E F} is an open cover of X. Let h: Vp xR'- ^ tt~^{Vf) denote 
the local trivialization, where vr: TX — )• X is the projection map. 
Choose C, a chamber whose closure contains F. 

For every point x E Vp the map /i^ := /i(x,-): TT'^^ix) is a linear isomorphism. 

Let y be an arbitrarily chosen point in F and Cpiv) be the connected component of M{Ay) 
corresponding to (f){C n Vp)- Denote the open subset h~^{Cp{y)) C by Cp and define 



For the sake of notational simplicity we will identify Vp x Cp with its image. VF(F, C) is an 
open and contractible subset of M{A). For a chamber C we have W{C, C) = C x M'. 

Now we show that these open sets cover M{A). Let {x,v) G M{A) be an arbitrary point. 
Suppose that x G F for some face F. Asv e M{Ax), so (l)-^{<^{v)) GCnVp, where C IS some 
chamber whose closure contains F. Therefore {x,v) G W{F,C). The intersection of any two 
such open sets is given by 



Example 3.8. Consider an arrangement A = {0} in M, it divides the real line in two chambers 
A = (—00,0) and B = (0,oo). The tangent bundle complement of this arrangement is the 
punctured plane, since {0} is the only point whose tangent space is disconnected. For p = 
we take Vp = (—1,1) and for the chambers we take Va = A and Vb = B as the coordinate 
neighborhoods. With this the open cover of M(A) is given by setting: 



W{F,C) := h{Vp X Cp) C TT-\Vp). 



W{F,C)nW{F',C') 



{VpnVp>) X (CpnCp,) 



which is clearly contractible. 



□ 



(1) W{p,A) = {{x,v) I xeVp,v<0}, 

(2) W{p,B) = {{x,v) I xeVp,v>0}, 

(3) W{A,A) = {{x,v) \ xeA,veR}, 

(4) W{B,B) = {{x,v) \x£B,v£R}. 



Figure 4 shows the open cover defined above of the tangent bundle complement. 
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W(p,B)\ 



W{A,A) 























W{p,A 


) 























W{B, B) 



Figure 4. Example of an open cover of the tangent bundle complement 



The open covering {W{F,C) \ F < C} of AI(A) constructed in Theorem 3.7 satisfies the 
hypothesis of the Nerve Lemma. Hence the nerve of this open cover has the homotopy type of 
M(A). In order to identify the simplices of this nerve we need to understand how these open 
sets intersect. 

Lemma 3.9. W{F, C) n W{F', C) ^ 9 if and only if F < F' and F' o C = C . 
Proof. By construction of these open sets we have, 

w{F, c) n w{F', C) = {Vf n VfO x {Cf n c'^,) 

Clearly VfDVf' 7^ if and only if F < F' . We also need the other intersection to be nonempty, 
n C^, / ^ (C n Vf) n (C n Vf') / due to (3.1) 

^ {Vf n Vf') n (C n C) / 
^ C7 n C / 

^ either C" = F' o C (or C" = C). □ 

Let S denote an abstract set in bijection with the open sets in the above open cover. We 
denote by {F, C) the element of S corresponding to W{F, C). 



Lemma 3.10. The relation (-^2,^2) <s (-Fi,Ci) if and only if Fi < F2 and F2 o Ci 
defines a partial order on S. 



C2. 



Proof. The arguments are similar to the proof of [19, Lemma 3.1]. It is obvious that the 
relation is reflexive and symmetric, let us check the transitivity. Pick 3 elements such that 
{F3,C3) <s (F2,C2) and (F2,C2) <. iFi,Ci). 
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The first inequality implies that F2 < -F3 and -F3 o C2 = C3. Similarly from the second 
inequality we have, Fi < F2 and F2 o Ci = C2. Since is a poset, F3 < Fi and C3 = 
F3 o [F2 o Ci) = -F3 o Ci which concludes the transitivity. □ 

With this partial order we can now characterize the chains in the nerve. 

Lemma 3.11. Let A be an arrangement of submanifolds, then for a chain in S there corre- 
sponds a chamber and a chain in J-^{A) . 

Proof. Let -Fo ^ ■ ■ ■ ^ -^fc be a chain in T and let C be a chamber. Then the Lemma 3.10 
implies that {Fk,Fk o C) <s ••• <s (FqjFq o C) is a chain in S. Moreover, using the same 
lemma it can be shown that every chain in S is of this form. □ 

Now we have proved that 5 is a partially ordered set and it follows that the geometric 
realization of (5,<s) and the nerve described by the open sets W{F,C) are homeomorphic. 
A /c-simplex in this nerve is a /c-chain in {S,<s). Let Fq < ■ ■ ■ < F^ he a chain in J-'{A) and 
let C be a chamber (such that -F^ < C) then both of them determine a simplex in the nerve 
given by 

{Fk,C) <s - <s {Fo,C) 

In fact every simplex of the nerve is of this form. We summarize all this discussion in the 
following definition. 

Definition 3.12 (The Salvetti Complex). Let X be a smooth /-manifold and A be an 
arrangement of codimension 1 submanifolds. Define the Salvetti poset as 

S = {(F,C)£ TiA) X CiA) \F<C} 

and the partial order as 

{F, C) <s {F\ C) if and only ii F < F' and F' o C = C 

The Salvetti complex Sal{A) is defined as the geometric realization of (5, <«) and it has 
the homotopy type of the tangent bundle complement M{A). 

Example 3.13. Let A be arrangement of 2 points in a circle. The complement M{A) in this 
case is TS^ \ {p, q} (tangent bundle of a point is the point itself). As TS^ = 5^ x M, the space 
M[A) is an infinite cylinder with 2 punctures. Hence M{A) ~ S""*^ V 5"*^ V 5"^. Figure 5 shows 
the Salvetti complex for this arrangement. 

The following theorem states the connection between the manifold X and the associated 
tangent bundle complement. 

Theorem 3.14. Let X be a smooth manifold and A be an arrangement of submanifolds, let 
M{A) denote the associated tangent bundle complement. Then the manifold X is a retract of 
M{A). 

Proof. Let r: 5 — )• J' {A) be the map defined by {F,C) 1— )• F. This map is order reversing 
and induces a simplicial map on the geometric realizations which we will again denote by r. 
For a chamber C define a new map ic'- ^{■^) ^ S hy sending F to {F^F o C). This map 
is injective and order reversing, consequently it induces a continuous injective map on the 
geometric realizations. 
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{A. A) 




{B.B) 

Figure 5. Salvetti complex 

Let X{C) C Sal{A) denote the image of lc, then X{C) = X and in fact 

Sal{A) = y X{C). 

The composition r o lc 'is the identity on which estabhshes the claim. □ 

Intuitively speaking, a submanifold arrangement is made by gluing central hyperplane ar- 
rangements in a compatible way. It is natural to ask whether the associated tangent bundle 
complement is also made up of gluing spaces. We show that the complement M[A) is a homo- 
topy colimit of a diagram of spaces over the face poset. We make use of the fact that there is 
a combinatorial description of the complement. For the local arrangement ^iT'lVp let S{Af) 
denote the associated Salvetti poset and Sal{AF) denote its geometric realization. 

Proposition 3.15. Let X he a l-manifold and let A he an arrangement of codimension 1 
submanifolds with J~{A) as its face poset. If F' > F are two faces then there is an inclusion 
Sal^Ap') ^ Sal{AF) as simplicial complexes. 

Proof. It suffices to prove that S(Af') embeds into the Salvetti poset S{Af)- This follows 
if the face poset of Af'\vp/ includes into the face poset of ^^jv^. But this is clear since 
T{A)>F' ^ J'{A)>F. □ 

Theorem 3.16. Consider the diagram of spaces T>: J- {A) — )• Top, given hy setting T){F) = 
Sal{AF)- The morphisms T){F' — )• F) are the inclusions Sal{AF') ^ SuI^Af)- Then 
hocolimD ~ Sal{A). 

Proof. Let £ he a diagram of posets indexed over T{A) such that it assigns S{Af) to every 
F. It follows from the simplicial model lemma (Lemma 1.15) that hocolimP ~ A(PlimiS). 
Hence we need to show that the poset map (p: PlimiS — )• S defined by {F, {F',C)) i— )• {F',C) 
induces a homotopy equivalence A(PlimiS) ~ Sal{A), which follows from of Quillen's Theorem 
A (Theorem 1.13). □ 

4. Combinatorics of the Cell Structure 

In this section we construct a CW complex that has the homotopy type of the tangent 
bundle complement. Inspired by the work of Deligne [6] on simplicial arrangements, Salvetti, 
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in his seminal paper [21], proved that the face poset of a real hyperplane arrangement defines a 
CW complex embedded inside the complexified complement and that the complex is a strong 
deformation retract of the complement. We now show that the same construction generalizes. 

4.1. Salvetti CW-complex. Let A be an arrangement of submanifolds in a /-manifold X and 
let J^{A) denote the associated face poset. By {X,J^(A)) we mean the regular cell structure of 
X induced by the arrangement. Recall that T*{A) denotes the dual face poset, we denote by 
pair {X,T*{A)) the dual cell structure. Every /c-cell in {X,J^{A)) corresponds to {I — A:)-cell 
in {X,J^*{A)) ioi < k < I. The partial order on the cells of J^*{A) will be denoted by -<. 

For the sake of notational simplicity we will denote the dual cell complex by X*{A) (and 
by X* if the context is clear). The symbols C,D will denote vertices of X* and the symbol 
will denote a /c-cell dual to the codimension /c-face F of A. Note that a 0-cell C is a vertex 
of a /c-cell F^ in X* if and only if the closure C of the corresponding chamber contains the 
{I — k)-face F. The action of the faces on chambers that was introduced in Definition 3.5 is 
also valid for the dual cells. The symbol F^ o C will denote the vertex of F^ which is dual to 
the unique chamber closest to C. 

Given an arrangement in an /-manifold construct a regular CW complex S{A) of dimension 
/ as follows: 

The 0-cells of S{A) correspond to 0-cells of X* , which we denote by the pairs {C;C). 

For each 1-cell F^ S X* with vertices Ci,C2, assign two homeomorphic copies of F^ denoted 

by {F^;Ci) , {F^; C2). Attach these two 1-cells in S{A)o (the 0-skeleton) such that 

d{F';Ci) = {{Cr,Ci),{C2;C2)}. 

Orient the 1-cell (F^; Q) so that it begins at {Cf, Ci), to obtain an oriented 1-skeleton S{A)i. 

By induction assume that we have constructed the {k — l)-skeleton of S{A), 1 < k — 1 < I. 
To each /e-cell F^ G X* and to each of its vertex C assign a /c-cell (^F^; that is isomorphic 
to F''. Let (j){F^,C): (^F^;C) — ^ S{A)k-i be the same characteristic map that identifies a 
(/c - l)-cen F'^-i C OF'' with the /c-ceU (F'^-I; F^^^ o C> C d{F^;C). Extend the map 
(j){F^, C) to whole of {^F^; C) and use it as the attaching map, hence obtaining the /c-skeleton. 
The boundary of every /c-cell in given by 

(4.1) d[F^-c)= U {F;FoC). 

F~<Fk 

Now we prove a theorem that justifies the construction of this cell complex. 

Theorem 4.1. The regular CW complex S{A) constructed above has the homotopy type of the 
tangent bundle complement M(A). 

Proof. First, note that the above construction implies that S{A) is indeed a regular cell com- 
plex. Let S{A) denote the poset of cells of S{A) ordered by inclusion. It is isomorphic to the 
Salvetti poset described in the Definition 3.12. Consequently the barycentric subdivision of 
S{A) is isomorphic to the (simplicial) Salvetti complex Sal{A), hence to every /c-cell {F; C) in 
S{A) there corresponds an ideal S{A)<^\^p^c] (^ triangulation of that /c-cell). The claim now 
follows from the application of the Theorem 1.11. □ 

Remark 4.2. In order to simplify the notations and the arguments we will not distinguish 
between the simplicial and the CW versions of the Salvetti complex. We use the notation 
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[F, C] to denote either a cell or its barycenter and hope that the context will make it clear. 
More importantly, henceforth we will assume that the tangent bundle complement is equipped 
with the above defined cell structure. 

Remark 4.3. The original proof of Salvetti (that appeared in [21]) in the context of hyperplane 
arrangements is more direct. His idea is to first identify an open covering of the complexified 
complement (as we did in Theorem 3.7). Rather than considering the nerve of this open cover 
abstractly, he constructs a cell complex embedded inside the complexified complement. The 
final step is to show that there is a strong deformation retraction from the complement on to 
the cell complex. A similar approach could be used in case of a tangent bundle complement. 
However, a proof involving this idea is very technical since the construction of the nerve as an 
embedded simplicial complex could be fairly complicated. Also, such a proof might not shed 
any new light and this is the reason we have taken an approach to construct the regular CW 
complex abstractly and then show that its barycentric subdivision is isomorphic to the nerve 
of the open covering. 

Example 4.4. As an example of this construction consider the arrangement of 2 points in a 
circle (Example 2.10). The Figure 6 below illustrates the dual cell structure induced by the 
arrangement and the associated Salvetti complex. 



A [A, A] 




B [B, B] 

A = {p, q} M{A) ~ 51 V 5W 51 

Figure 6. Arrangement in and the associated Salvetti complex 

We now look at some obvious properties of the above defined CW structure and also infer 
some more information about the tangent bundle complement. 

Theorem 4.5. Let A be an arrangement of submanifolds in a l-manifold X and let Sal{A) 
denote the associated cell complex. Then 

(1) There is a natural cellular map if): Sal (A) — )• X*{A) given by [F^,C] 1— )• F'^. The 
restriction of ip to the 0-skeleton is a bijection and in general 

i:-\F^) = {C e C{A)\C f''} 

(2) For every chamber C there is a cellular map lq '■ X*{A) Sal{A) taking F^ to 
[F^,F^ o C] which is an embedding of X*{A) into Sal (A), and 

SaliA)= U Lc{X*). 

C£C(A) 
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(3) The absolute value of the Euler characteristic of M{A) is the number of bounded cham- 
bers. 

(4) Let TA denote the union of the tangent bundles of the submanifolds in A then, 



rank H\TX,TA) 



\X{M{A))\ \ii = l 
otherwise. 



Proof. Claims (1) and (2) follow from the construction and Theorem 3.14. 

We prove (3) by explicitly counting cells in the Salvetti complex. The Euler characteristic of 
a CW complex K is equal to the alternating sum of number of cells of each dimension. Given 
a fc-dimensional dual cell there are as many as \{C G C{A)\F < C}| /c-dimensional cells 
in Sal{A). Hence for a vertex [C, C] G Sal{A) the number of /c-dimensional cells that have 
this particular 0-cell as a vertex is equal to the number of /c-faces of J-*{A) that contain C. 
The alternating sum of number of cells that contain a particular vertex C of T*{A) is equal 
to 1 - x{Lk{C)), where Lk{C) is the link of C in X*{A). Applying this we get, 

x{Sal{A))= {l-xiLk{C))) 

If a chamber is unbounded then Lk{C) ~ and on the other hand if it is bounded then 
Lk{C) ~ S^~\ Hence we have, 

x{Sal{A)) = Yl i^-xiLkiC))) 
ceC{A) 

E (1-1)+ E (i-[i + (-i)'-']) 

C unbounded C bounded 

= (-1)' E 1 

C bounded 

Hence, 

x{M{A)) = (— l)'(number of bounded chambers). 

Let U A denote the union of submanifolds in A. Since A induces a regular cell decomposition 
it has the homotopy type of wedge of {I — l)-dimensional spheres. The number of spheres is 
equal to the number of bounded chambers. The claim (4) follows from the homeomorphism 
of pairs {TX, TA) ^{X,\JA). □ 



4.2. Metrical-hemisphere complexes. We now take a closer look at the cells of a Salvetti 
complex. Our aim is to understand how the combinatorial properties of the Salvetti complex 
associated to an arrangement of hyperplanes generalize in the context of submanifold arrange- 
ments. In particular, we show that even in the general setting the combinatorics of the cell 
structure is similar to that of a zonotope. Recall that a central arrangement of hyperplanes 
decomposes the ambient Euclidean space into open polyhedral cones. As a matter of fact every 
hyperplane arrangement is a normal fan of a very special polytope known as the zonotope. 
Zonotopes can be defined in various ways: for example, projections of cubes, Minkowski sums 
of line segments, dual (polar) of hyperplane arrangements etc. For more on the relationship 
between zonotopes and hyperplane arrangements see [25, Lecture 7]. 
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Definition 4.6. A zonotope is a polytope all of whose faces are centrally symmetric (equiv- 
alently every 2-face is centrally symmetric). A zonotopal cell is a (closed) fc-cell such that its 
face poset is isomorphic to the face poset of a fc-zonotope for some k. 

The face poset of a zonotope has some special combinatorial properties, the most important 
of which is the product structure. This product is basically the one on the face poset of a hy- 
perplane arrangement or on the set of covectors of an oriented matroid. We show that the dual 
cells of a submanifold arrangement and the cells of its associated Salvetti complex enjoy similar 
combinatorial structure. In order to do this we do not use the language of zonotopes (since 
they are exclusive to Euclidean settings) but use the language of metrical-hemisphere com- 
plexes. These cell complexes possess all the essential combinatorial properties of a zonotope. 
The metrical-hemisphere complexes (MH-complexes for short) were first introduced in [22] 
where Salvetti generalized his construction and proved an analogue of Deligne's theorem for 
oriented matroids. 

Let Q denote a connected, regular, CW complex (and \Q\ be the underlying space). The 
1-skeleton of such a complex Q is a graph G{Q) with no loops (abbreviated to G if the context 
is clear). The vertex set of this graph will be denoted by VG and the edge set by EG. An 
edge-path in G{Q) is a sequence a = {h, . . . ,ln) of edges that correspond to a connected path 
in \Q\. The inverse of a path is again a path = {In, • • . ,^i). Two paths are composed 
by concatenation if ending vertex of one of the paths is the starting vertex of another. The 
distance d{v,v') between two vertices will be the least of the lengths of paths joining v to v'. 
Given an i-cell G Q, Q{e^) := {e^ G Q : \e^ C \e'\} and let V{e') = VGnQ{e'). 

Definition 4.7. A regular CW complex Q is a QMH-complex (quasi-metrical-hemisphere 
complex) if and only if there exist two maps 

ui,u]: VGxQ^VG 

such that for all v £ VG, e^ G Q following properties are satisfied. 

(1) ui{v, e*) G V{e^) and d{v, ui{v, e*)) = minimum{(i(u, u)\u £ V{e'^)}. 

(2) uj{v, e*) G V{e^) and d{v, uj{v, e*)) = maximum{ci(u, u)\u G V{e^)}. 

(3) d{v,uj{v,e'')) = d{v,u) -\- d{u,uj{v,e'')) for all u G F(e*). 

This definition imposes a strong restriction on the 1-skeletons of such complexes (see [22, 
Proposition 1]). 

Lemma 4.8. If Q is a QMH-complex then each circuit in G has an even number of edges. 

The next corollary follows from the above lemma and the definition of a zonotope. 

Corollary 4.9. Let Q be a closed k-cell which is a QMH-complex. Then Q is a zonotopal cell. 

For any G Q, indicate by G(e*) C G{Q) the subgraph corresponding to the 1-skeleton of 
e* and by ^(^(ei) the distance computed using G{e^). 

Definition 4.10. A regular CW complex will be called a LMH-complex (local-metrical- 
hemisphere complex) if and only if each Q(e*) is a QMH-complex with respect to dQ^^^iy More- 
over, the following compatibility condition also holds: if e^ G Q(e') n Q{e^),v G V{e^') n V{e^) 
then 

^(eJ){v,e'') = W(g«)(t;,e^), uj^^j){v,e'') = ^0(^e^){v, e''). 
Here, cj^g^-j, W(gi) are defined similar to cj, a; but using dQ(^^]y 
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Finally, Q will be called a MH-complex if Q is both a QMH-complex and a LMH-complex 

and for all G Q, £ Q{e^),v £ V{e') 



Remark 4.11. Note that the 1-skeleton of a MH-complex has very special properties with 
respect to the distance. It is not enough to have a cell complex all of whose cells are zonotopal. 
Here are two examples that illustrate the special nature of MH-complexes. 

Consider a 2-dimensional cell complex made up of two 1-cells and two 2-cells. The 1-cells 
are attached to an octagonal 2-cell. There is a one more trapezoidal 2-cell whose three 1-cells 
are attached to three 1-cells in the boundary of the octagonal cell as shown in Figure 7. The 
resulting complex is QMH but not LMH. Consider the 1-cell labeled by e in the figure. There 
are two vertices, namely vi,V2, in its boundary. Considering e as a member of the trapizoidal 
cell we see that the vertex vi is closest to the vertex V4. On the other hand as a member of 
the octagonal 2-cell vertex V2 is closest to v^. 



The next example shows a cell complex (Figure 8) obtained by removing the trapezoidal 
2-cell from the first example. The resulting cell complex is both QMH and LMH but not a MH- 
complex. Consider the 1-cell labeled by e, there are two boundary vertices vi,V2- Considering 
e as a member of the octagonal cell the vertex V2 is closest to ^3. But in the whole complex 
the boundary vertex of e closest to f 3 is vi . 




Figure 7. A QMH complex without LMH structure. 




Figure 8. A QMH and LMH-complex which is not a MH-complex 
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The following lemma establishes the combinatorial connection between zonotopes and MH- 
complexes. It states that the distance between any two vertices is the same no matter how it 
is measured, either locally or globally (see [22, Proposition 5]). 

Lemma 4.12. Let Q be a MH-complex, G Q,v,v' G V{e^). Then d{v,v') = dQ{^f.i-^{v,v'). 

Proof. Let a = (/i, . . . , /n) be a minimal path of G(e*) between v and v' (so dQ(^f,i-^{v, v') = n). 
Let fj-i, Vj be the vertices of Ij ordered according to the orientation of a from v io v' . Since 
a is minimal in G(e*) and Q is a MH-complex we have. 

Hence, dQ(^f,i-^{v, Vj) = dQ(^f.x-^{v, vj-i) + 1 and d{v, vj) = d{v, fj-i) + 1 for j = 1, . . . , n. □ 

We now state the theorem that generalizes the relationship between hyperplane arrange- 
ments and zonotopes. 

Theorem 4.13. Let X be a smooth manifold of dimension I, A denote an arrangement of 
submanifolds. The (dual) cell complex X* = {X,J^*) is a MH-complex. 

Proof. First, we need to define the two maps w, tJ and then show that they are well defined. 
Let be an i-cell and C be a vertex of X* then, 

ui{C,F') ■=F'oC. 

Using the same strategy as in the proof of Lemma 3.6 we can identify a unique chamber (of 
A) whose closure contains (dual of) and is farthest from C, denote this chamber by -F* * C 
and 

u{C,F') ■.= F'*C. 

This shows that the maps lj, uj are well defined. Second, note that a path between two vertices 
C, C has minimal length (among all paths from C to C") if and only if it crosses the faces that 
separate C from C exactly once and does not cross any other face. The distance between any 
two vertices of X* is thus 

d{C,C') :=|i?(C,C7')|. 

Observe that if = iVi n • • • n iV^ then R{F' o C, F' * C) = {Ni, . . . , iVj and if D G V{F') 
then 

R{F' oC,D)[j R{F' *C,D) = R{F' oC,F'* C) and R{F' *C,D)n R{F' oC,D) = (/} 
(by Lemma 3.4). Moreover, 

R{C, D) = R{C, F'oC)\J R{F' oC,D), R{C, F' o C) D R{F o C, L*) = 

and 

R{C, D) = R{C, F*C)\J R{F *C,D), R{C, F * C) n R{F *C,D) = 0. 
Using the last equality we see that X* is a QMH-complex. The other compatibility condi- 
tions also follow easily. □ 

In a nutshell the above theorem justifies the following statement. MH-complexes are to 
submanifold arrangements as zonotopes are to hyperplane arrangements. 

In case of hyperplane arrangements, each cell of the associated Salvetti complex is zonotopal 
(see [1, Proposition 5.7]). We generalize this claim and also show that in general the Salvetti 
complex is a MH-complex. 
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Theorem 4.14. Let A be an arrangement of submanifolds in a manifold X and Sal{A) 
denote the associated Salvetti complex. Then Sal{A), with the CW structure described above, 
is a MH-complex. 

Proof. The 1-skeleton of Sal{A) is obtained by 'doubling' the edges in the 1-skeleton of X* . 
Hence the distance between any two vertices of Sal{A) is same as the distance between the 
corresponding vertices of X* . Also, by construction, there is a one-to-one correspondence 
between vertices of [F^ , C] and the vertices of -F* for all G X* . □ 

Remark 4.15. Note that in the construction of the Salvetti complex as mentioned before we 
used the u{F, C) = F o C map. It is possible to repeat the same construction using the uj 
map. However these two complexes are isomorphic. 

As a consequence of the Corollary 4.9, every 2-cell of the Salvetti complex (of an arrange- 
ment) is combinatorially equivalent to an oriented polygon with an even number of edges. 
This observation together with the condition (3) in Definition 4.7 (QMH-complex) proves the 
following. 

Corollary 4.16. In the Salvetti complex Sal{A), the (oriented) 1-skeleton of a k-cell [F^,C] 
is composed of edge-paths going from [C, C] to [F^ * C, F^ * C] . All these paths have same 
lengths and are directed away from [C, C] . 

In particular, the boundary of each 2-cell {F'^,C\ is composed of two equi-oriented edge-paths 
of the same length from [C, C] to [F'^ * C, * C] . Moreover, the length of such a path is equal 
to the distance between its end vertices. 

Proof. Assume that there is an edge [F^,C"] contained in the boundary of [F^,C]. Hence, 
C' = F^ o C and the result follows because of the condition (3) defining QMH-complex. □ 

We end this section with homotopy colimits. The next result follows from the observation 
that the barycentric subdivision of any regular cell complex is a poset limit (Definition 1.14). 

Theorem 4.17. Given an l-manifold X and a submanifold arrangement A, let T* denote the 
dual face poset. Define a diagram of spaces V: F* ^ Top with discrete spaces 

V{F') := {C G X^\C ^ F'} 

and maps being the inclusions 

V{F' ^ F^):V{F') V{F^) {i > j) 

C ^ F^oC 

Then hocolimj-. P ^ Sal{A). 

Proof. Since all the space in the above diagram are in fact finite sets of points, we can consider 
these sets as posets with trivial order relation [C < C C = C). In this situation we can 
apply the simplicial model lemma (Lemma 1.15). Hence the homotopy colimit of T> has the 
homotopy type of A(PlimP). The vertex set of A(PlimP) is {{F, C) G F{A) x C{A)\F C C}. 

In order to determine higher dimensional simplices we look at the chains in PlimP. Accord- 
ing to the Definition 1.14, the order relation on PlimP is the following 

(F, C) < {F', C')^F < F' in F* and FoC' = C. 

Then it follows that the poset PlimP is isomorphic to the Salvetti poset, which establishes the 
claim. □ 
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5. HoMOTOPY Theory of the Tangent Bundle Complement 

In this section we focus on the homotopy theory of the tangent bundle complement. We 
start by defining the arrangement groupoid. This is a generalization of the groupoid Gal 
introduced by Deligne in [6] and also of the oriented systems introduced by Paris in [18]. We 
then look at the covering spaces of the Salvetti complex, our aim is to show that they are also 
determined combinatorially. We prove this by generalizing the theory of Salvetti-type diagram 
models introduced by Delucchi in [7] (building on the work of Paris [18]) to submanifold 
arrangements. The classification of the covering spaces is done at the end. 

5.1. The fundamental group (old). We start by extending the idea of an arrangement 
graph, associated with a hyperplane arrangement (see [6,7,18]). 

Definition 5.1. Given an arrangement of submanifolds ^ in a manifold X, the arrangement 
graph, denoted by G{A), is the oriented 1-skeleton of the associated Salvetti complex. 

A path in the arrangement graph is a sequence of edges traversed not necessarily according 
to their orientations. The length of a path is equal to the number of edges traversed. An edge 
is a path of length 1 and vertex is path of length 0. Initial vertex of a path a is denoted by 
s{a) and the terminal vertex by t{a). Such directed paths can be represented by words whose 
letters correspond to edges. If a is an undirected path then a = (eioi, . . . , enOn) where ei = ±1 
depending on whether Ui is traversed along or opposite to its orientation, the length of a is 
equal to 1 and s(ei+iai+i) = t{eiai) for every i. If a and j3 are two paths such that s{j3) = t{a) 
then their concatenation gives a new path denoted by a/3 (note that this is not a composition 
of functions). Inverse of a path a = (eioi, . . . , e„a„) is the path = [—enan, ■ ■ ■ , — eioi)- 

A directed path is a sequence of consecutive edges traversed according to their orientations. 
For example, a = (+ai, . . . , +an) is a directed path of length n. A minimal positive path is 
a path having shortest length among all the positive paths that join its endpoints. Unless 
otherwise stated by a path we mean an undirected path and by a positive path we mean a 
directed path. 

Recall that every 2-cell in the Salvetti complex is a polygon with an even number of (ori- 
ented) edges and that the boundary of such a 2-cell is composed of two minimal positive paths 
of same length (Corollary 4.16). 

We define two types of 'moves' on the paths in the arrangement graph: 

(1) If a is a path such that a = 01702 and if 7, 7' are two minimal positive paths joining 
the opposite vertices of a 2-cell, then substitute 7' for 7 in a. 

(2) If a is a path such that a = 01702, where 7 is a sub-path of a boundary path of 
a 2-cell of Sal{A), substitute for 7 the path 7' having same endpoints (i.e. 5(7') = 
5(7), t(7') = t{'~f)) and containing all the remaining edges of that 2-cell. 

Note that the above 'moves' define a homotopy between the directed paths. 

Definition 5.2. Given a submanifold arrangement A, the associated category of positive paths, 
(positive category for short) denoted by Q~^{A), is the category of directed paths in the Salvetti 
complex. 

Recall that (see, for example, [14, Chapter 3] ) the objects of this category are the vertices of 
the arrangement graph. The morphisms are equivalence classes of positive paths. Two positive 
paths o and /? from a vertex C to a vertex D are equivalent if and only if a is obtained from 
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/3 by a finite sequence of moves of type (1). It means that tlie two paths are connected by a 
sequence of substitutions of minimal positive paths. This equivalence relation will be called 
the positive equivalence, the equivalence class of a path a will be denoted by [a]+ and the 

relation denoted by ~. 

In case of hyperplane arrangements any two minimal positive paths with the same end 
points are homotopic in the associated Salvetti complex. Hence represent the same morphism 
in the positive category. However this need not be true for submanifold arrangements. For 
example, consider the Salvetti complex (Figure 6) associated to the arrangement of 2 points 
in (Example 2.10). The two edges labeled [p,A] and [q,A] are minimal positive paths with 
the same end points however they are not positive equivalent. 

Lemma 5.3. Let F be a face of a submanifold arrangement and C be a chamber such that 
C < F in T* . Then any two minimal positive paths from C to F * C are positive equivalent. 

Proof. The statement follows from the application of Corollary 4.16. Any two minimal positive 
paths from C to -F * C are in fact contained in the boundary of the cell [F, C]. □ 

Hence we can rephrase the positive equivalence as follows. Let a, a' be two positive paths 
from C to C. Set a ~ a' if and only if a = ai(3a2, a' = ai(3'a2 such that 

(1) ai is a positive path from C to C" , 

(2) (3 and /?' are minimal positive paths from C" to F * C" (for some C" -< C), 

(3) 02 is a positive path from F * C" to C . 

Definition 5.4. The arrangement groupoid of a submanifold arrangement is a category whose 
objects are the vertices of the arrangement graph. The morphisms in this category are equiv- 
alence classes of paths. Two paths are equivalent if and only if one is obtained from the other 
by a finite sequence of moves of type (2). The category will be denoted by G{A) and the 
morphisms will be denoted by [a], where a is a representative path. 

The reader familier with homotopy theory will realize that the arrangement groupoid is the 
free groupoid on the Salvetti poset (consequently the fundamental groupoid of its nerve, the 
Salvetti complex). We state this clS 3j result. 

Lemma 5.5. Let A be an arrangement of submanifolds in a manifold X . The arrangement 
groupoid GiA) is equivalent to the fundamental groupoid 7ri{Sal{A)) of the associated Salvetti 
complex. 

Before moving on we would like to explicitly state the relationship between the above defined 
categories. 

Theorem 5.6. For a submanifold arrangement A the category G{A) can be identified with the 
category of fractions ofG~^{A) and the associated canonical functor J: Q is defined by 

sending to [a]. 

Proof. The proof follows from the observation that the moves of type (2) are composed of 
moves of type (1) and the definition of category of fractions (see [10, Chapter 1]). □ 

By studying the 2-skeleton of Sal{A) we can deduce a presentation for the fundamental 
group. 
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Theorem 5.7. Let X be a l-manifold and A he an arrangement of submanifolds with Sal{A) 
being the associated Salvetti complex. If X is simply connected then two minimal positive paths 
in the 1-skeleton of Sal{A) that have same initial as well as terminal vertex are homotopic. 

Proof. Let a,/3 be two positive paths such that s(a) = s{/3) = [C, C], t{a) = t{j3) = [D,D] 
and both of them have same lengths (= d{C,D)). Clearly, ilj{a),il){l3) C X^ (recall that 
'0: Sal{A) —7- X* was defined in Theorem 4.5) are minimal paths of length d{C, D), so no two 
edges of these two paths are sent (by ^p) to the same edge of X* . Without loss of generality, 
let a = [F^, C'] be an edge of the path q, consider (a) as a sub-path of a. Let s{a) = [C , C] 
then, o C = C since a is minimal. Repeating same argument for every edge of /3 we get 
that the paths a and (3 are contained in ic{X*). Hence by Theorem 4.5 and the fact that 
7ri(X*) = {1}, it follows that a and /3 are homotopic. □ 

An immediate consequence of this theorem is the following: 

Corollary 5.8. If X is a l-manifold, A is an arrangement of submanifolds and M[A) is the 
tangent bundle complement then, 

TTi{M[A)) = TTi(G{A)) /{aP^^ I a, /? are minimal positive paths with same end points}. 

Proof. A loop in the arrangement graph G{A) is contractible if and only if it is the boundary 
of a 2-cell (of Sal{A)). According to Corollary 4.16 the boundary of every 2-cell is composed 
of two minimal positive paths with same ends. □ 

In particular Theorem 5.7 applies to hyperplane arrangements and arrangements in a sphere 
(dimension > 2). Minimal positive paths with same end points are homotopic in the Salvetti 
complex. Hence these paths represent the same morphism in the corresponding arrangement 
groupoid. More is true for (central) hyperplane arrangements; minimal positive paths with 
same end points represent same morphism in the positive category (see [6, 1.12] for the orig- 
inal proof). This means that the restriction of functor J to the class of minimal positive 
paths is faithful (this holds true even for arrangements of pseudospheres [22, Theorem 20] and 
pseudohyperplanes [9, Chapter 5]). 

Lemma 5.9. Let A be an arrangement of submanifolds in a l-manifold X . If TTn{X) ^ then 
MMiA)) / 0. 

Proof. Follows from Theorem 3.14. □ 

The only hope to find K{tt, 1) complements is to consider arrangements in K{'it, 1) manifolds. 

5.2. Salvetti-type diagram models. The coveing spaces of a topological space can be clas- 
sified by their fundamental groupoids. According to [2, Chapter 10], the connected covers of 
the fundamental groupoid correspond to fundamental groupoids of the corresponding covering 
spaces (see also [14, Chapter 13]). The fundamental group of the Salvetti complex is isomor- 
phic to the object group vr(^). Hence the connected topological covers of the Salvetti complex 
are indexed by the subgroups of 7r(^) (and so are the groupoid covers of ^(.4)). We will use 
this correspondence to first, construct the covering spaces of Sal{A) and then, to classify them. 

The use of this idea can be traced back to the work of Deligne in [6], where he used this 
correspondence to construct the universal cover of the hyperplane complement. Then Paris 
generalized these arguments, using the language of oriented systems (see [18]), to show that 
all of the connected covers of any arrangement complement are indexed by the covers of the 
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arrangement groupoid. Our treatment here is based on Delucchi's reformulation [7,8] of these 
ideas in terms of diagram of spaces. To be precise, using covers of the arrangement groupoid 
he defined a family of diagrams of spaces such that their homotopy colimits have the homotopy 
type of covers of arrangement complement. One of the benefits of his elegant treatment is that 
it is easy to generalize to the tangent bundle complement. This is what we plan to do now. 
We closely follow Delucchi's arguments as well as the notation. 

Let A denote a submanifold arrangement in some manifold X. Let Sal (A) be the associated 
Salvetti complex, the context will decide whether we view it as a CW-complex or as simplicial 
complex. Finally, let Q denote the arrangement groupoid. When dealing with morphisms in 
Q we will use the path-terminology. For example, domain of a morphism [a] will be denoted 
by s{a). Hence whenever we make statement about a path it is actually about its equivalence 
class in Q. 

For the convenience of the reader we quickly recall relevant facts about the cover of a 
groupoid. Given z G Oh{Q) its star is the following set of morphisms- 

St{z) = {[a] e Mor{g) \ s{a) = z). 

A covering of ^ is a functor p: Q such that for every z G Ob(Gp), the induced map 

p,: St{z) ^ St{p{z)) 

is bijective. Given [a], a morphism in Q and any z G p^^{s{a)), the lift of a at z is the 
morphism pj^{a), denoted by a^^^ when the covering p is understood. Recall that according 
to the main theorem of [2, Chapter 10] each object of Gp is a right coset of homotopy class of 
paths in the arrangement graph. Let p{C — )■ D,F) denote a minimal positive path starting 
at a vertex [C, C] ending at another vertex [D, D] and it traverses an edge contained in the 
boundary of [F, C]. It is assumed that C < F. 

Lemma 5.10. With the same notation as above, p{C — )• ~ fi{C — )• D,F') if there exists 

G G J-* such that on of the following is satisfied: 

(1) F,F' and p{C D, F),p{C D, G) are in the boundary of [G, C]; 

(2) D = G*C. 

Proof. Follows from Corollary 4.16. □ 

Definition 5.11. Given a cover of the arrangement groupoid p: Qp ^ Q{A), we define a 
diagram of posets T>p on the dual face poset J-'* as 

Vp{F') := {v G ObiGp) I p{v) ^ F'}. 

Each poset is endowed with the trivial order relation. The maps between these spaces are the 
following inclusions 

VpiF'^F^):V{r) ^ V{F^) {i > j) 

V ^ t{p{p{v) ^ F^ o p{v),fY''^) 

where p{p{v) F^ o p{v), F^)'^'"^ is the lift of the minimal positive path in G that starts at 
[p{v),p{v)] and traverses an edge contained in [F^,p{v)]. 

According to the simplicial model lemma (Lemma 1.15), the homotopy colimit of the above 
diagram is in fact an order complex. We will denote this order complex by Sp, its vertex set is 
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{{F,V)€T* X ObiGp) I p{v)^F} 
the simphces of Sp are chains with respect to the following partial order 

/ N / \ ] F2 < Fi and 

{F2,V2) <p{Fi,vi)^ ■> +f ( ( ^^Jp f ^ z7l^<^;l>^ 

Remark 5.12. If p is the identity map then Sid is the Salvetti complex (Theorem 4.17). 

Remark 5.13. Using the same arguments as in the proof of Lemma 3.11 it follows that for 
every chain in Sp there correspondence a chain and a vertex in J-*. If ^ is a chain in J^* 
and V £ Oh{Qp) such that p{v) -< max{(j)), then the pair {(j),v) corresponds to a chain in Sp 
and every chain is of this form. Moreover, the simplicial complex A{Sp) is the barycentric 
subdivision of a CW-complex S^'^; the barycentric subdivision of a (closed) A;-cell of this 
CW-complex, which we denote by a pair [F^ ,v], is given by 

[F',v]:= U ('^'^)- 

max{ip)=F'' 

Vertices of S^^ are of the form [p{v),v], hence are in bijection with the objects of Qp. For a 
fc-cell [-F'^jv] a 0-cell [p{v'),v'] is its vertex if and only if 



V 



'-t{p{p{v)^F'op{v'),F')<^'>) 



for some F' ^ F^. 



Our aim is to show that the simplicial complex Sp is a covering space of the (simplicial) 
Salvetti complex. The strategy we employ here is motivated by the proof of a well known fact 
in elementary algebraic topology. A simplicial and fixed point free action of a discrete group 
on a simplicial complex is a covering space action (see for example [13, Section l.B]). First, we 
prove that there is a natural, simplicial map between these two complexes and then proceed 
on to prove that it is indeed a covering map. 

The functor p: Qp ^ Q naturally induces a morphism of diagrams A: T>p — )• Pj^- On the 
level of spaces it is given by: 

\F-Vp{F) ^ Vid{F) VFg^* 
V I— p{v)- 

In order to check the compatibility of this morphism with the maps between the spaces, 
consider F2 < Fi and v G Vp{F2). Then, 

\F,{Vp{F^^F2){v)) = p{t{p{p{v)^F2op{v),F^)<->)) 

= F20 p{v) 

= Vid{Fi ^ F2){p{v)) 

= Vid{Fi^F2){XFAv))- 
The morphism A induces a map between homotopy colimits by functoriality, hence a map of 
simplicial complexes 

Kp-. Sp^ Sal{A). 

hp maps the simplex {4>,v) of Sp to the simplex {(j),p{v)) of Sal{A). Moreover, a morphism 
rj : Qpi — )• Qp2 between two covers of the arrangement groupoids induces a map : Sp-^ — >• Sp^ . 
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Theorem 5.14. The map Ap: 5^—7- Sal{A), induced by a cover p: Qp ^ Q of the arrangement 
groupoid, is a covering map. 

Proof. First note that Sal{A) is a finite dimensional and locahy finite simplicial complex 
implying that it is connected and locally path connected. Hence all its connected covering 
spaces exist. 

Let p £ Sal{A) be some point, a be the smallest dimensional simplex containing p, let U 
denote the star of a (set of all simplices of Sal{A) that contain a). In order to show that Ap 
is a covering map it is enough to show that A~^{U) is an even covering of U. 

Let us first characterize U and its inverse image in terms of chains and chambers. As o" is a 
simplex of Sal{A) there exists a chain cp in J^* and (a chamber) C -< max{(f>) =: F such that 
a = {(j), C). Thus star of a takes the following form: 



U= U ('A,C) 



where -^(0, C) := {C -< max{(p) \ F o C = C}. As a set, the pre-image of U is: 



{v I piv)eB^^,C)} 

For a fixed object w G p~^{C) define 

W^:= (j {4>,v{C,w)) 

C&R{(f),C) 

where v{C, w) is the (unique) object, of Gp, in p~^(C) from which w can be reached by the lift 
of a minimal positive path. 

Rest of the proof follows from the following three claims which are left as an exercise. 

Claim 1: For any wi ^ W2 € P~^{C), Wyj-^ n W^.^ = ^■ 

Claim 2: 

H W^ = A-\U). 

Claim 3: Fix w £ p'^iC), then Ap-. ^ U is a homeomorphism. □ 

Example 5.15. Consider the arrangement of 2 points in (Example 2.10), its associated 
Salvetti complex Sal{Ai) was described in Figure 6. Figure 9 depicts a portion of its universal 
cover. The objects of the covering groupoid are denoted by A, B (indices are suppressed for 
notational simplicity). Note that there are two minimal positive paths, in Sal{A), from [B, B] 
to vl]. One of them is the (oriented) edge [p,B] and the other is the edge [q,B]. Both of 
these paths are represent distinct equivalence classes in Q~^{A) as well as G{A). In the covering 
space, end points of the lifts of these two paths are distinct and are contained in p^^{[A, A]). 
Also note that the functor J: G~^{A) — t- G{A) is faithful in this example. 

Now we prove that any connected topological covering space of the Salvetti complex corre- 
sponds to a Salvetti-type diagram model. We use the correspondence between isomorphism 
classes of covering spaces and conjugacy classes of subgroups ( [13, Theorem 1.38]). 
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Figure 9. The Universal cover of Sal{Ai) 



Given a cover p: Gp ^ G of the arrangement groupoid G, consider the corresponding covering 
ceU complex Sp of the associated Salvetti complex Sal{A) (see Remark 5.13). 
2-skeleton: For a codimension 2 face F'^ and an object v G Oh{Gp) (such that p{v) ~< F'^) there 
is one 2-cell [F'^,v] in Sp. The vertices of are indexed by the chambers whose closures 

contain F^. To such a chamber C, there corresponds an object in the covering groupoid given 
by t{p{v) — )• C, F'^)'^'"^ . Hence the vertex set of [F"^ ,v\ is given by {[p(fj), Vi] \ p{vi) -< F^, i = 
1, . . . ,2k}. A 1-cell [-F^,fi] in the boundary of corresponds to codimension 1 face F^ 

such that F^ ^ F"^ . The vertex vi is such that the chamber p{vi) is on the same side as p{v) 
with respect to F^ . Moreover, the cell is oriented to have vi as its start vertex. 

Remark 5.16. Attachment of higher dimensional cells is analogous to the construction of Sal- 
vetti complex. Hence it can be shown that these covering complexes Sp have the structure of 
a MH-complex. 

The next step in the classification is to show that the fundamental group of Sp is isomorphic 
to the object group of Gp. We compare the relations given by 2-cells of Sp and the relations 
that define Gp- 

Recall that the equivalence relation in the arrangement groupoid G is generated by identi- 
fying two paths with same end points which form the boundary of a 2-cell in Sal{A). As a 
result, the identity in an object group is an equivalence class of loops based at that object that 
can be written as 77'"^, where 7,7' are paths bounding a 2-cell. For a given groupoid cover 
P'- — 5- ^ let Gp denote the graph underlying Gp. The morphisms of Gp are equivalence classes 
of paths in the graph Gp. This equivalence relation is the one induced by p. To be precise, 
two paths a, (3 in Gp are identified if and only if they have same end points and p{q) ~ /o(/5) 
(where a, (3 are lifts of a, /3 respectively). Hence the relations in Gp are generated by the loops 
of the form 7172"^ such that [71] = [72] (in Gp), denote the normal subgroup generated by 
these loops by Sp. In a nutshell we have iT{Gp) = vri(Gp)/Ilp. 

On the other hand let Up denote the smallest normal subgroup of 7ri((5p)i) generated by 



the relations imposed by the boundary of every 2-cell. Then, 7ri(5p) 
Theorem 5.17. With the notation as above: 

AQp) = ^i{Sp). 



^i((5p)i)/(jp 
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Now we are in the position to state the classification of covering spaces of the Salvetti 
complex. 

Theorem 5.18. Let A be a submanifold arrangement in a l-manifold X, let Sal{A) denote 
the associated Salvetti complex and Q denote the arrangement groupoid. For any topological 
cover p: S — t- Sal[A), there exists a cover of the arrangement groupoid p: Qp ^ Q such that 
the homotopy colimit of the associated diagram of spaces Dp is isomorphic to S as a covering 
space of Sal (A) 

Proof. Let H denote the isomorphic image of p^,(7ri(S')) inside Tr{G{A)) (under the isomorphism 
in Theorem 5.17). As a result of [2, Theorem 10.6.1] we see that there is a covering groupoid 
P'- Gp ^ Q[A) such that i^{Qp) = H. Let Sp denote the homotopy colimit of the diagram of 
spaces defined using Qp. Again appealing to Theorem 5.17 it implies that 7ri(5p) = H. Let 
Lp denote the inclusion of Gp (the graph underlying Qp) into Sp as its 1-skeleton. Since Qp is 
equivalent to the fundamental groupoid of Sp the following diagram commutes. 

7r(^p) — ^ T^iiSp) 

(Ap), 

7r(g) -KiiSaliA)) 

Since (Ap)=i,(5p) = H we have that S and Sp are isomorphic as covering spaces. □ 

Corollary 5.19. Any cover p: S — )• Sal{A) of the Salvetti complex can be realized as the order 
complex of a poset. 

Corollary 5.20. Let p: Q^^ Q denote the universal cover of the arrangement groupoid. Then 
Sp, the homotopy colimit of the associated diagram of spaces (posets) is the universal cover of 
Sal (A). 

Concluding Remarks 

One of the important topological invariants not mentioned in this paper is the cohomology 
ring of the tangent bundle complement. For hyperplane arrangements there is a beautiful 
theory of cohomology of the complement (known as the Orlik-Solomon algebra, see [17] for 
details). However for submanifold arrangements there is very little understanding of how the 
combinatorics determines the cohomology ring. It is a work in progress. However, we would 
like to point the reader to [9, Section 3.7] for some calculations of cohomology groups using the 
Bousfield-Kan spectral sequence. It is conjectured that there is a finer grading of cohomology 
groups indexed by the intersection data (see [9, Conjecture 3.7.8]). 

As an application of the theory developed so far it is possible study toric arrangements. 
Recently there has been an intense activity in this field we refer the reader to [9, Section 4.2] 
for a survey of this subject and some open questions. 

Deligne's work [6] is still infiuential in the topological study of finite Coxeter groups and 
associated Artin groups. Similar to spherical refiection groups there is a theory of geometric 
reflection groups and more generally manifold refiection groups, for example, see [4, Chapters 
6, 10] and [12]. The flxed points of the action of such refiection group on a manifold is a sub- 
manifold arrangement. The fundamental group of the associated tangent bundle complement 
can be thought of as a generalization of Artin groups. It is a work in progress to understand 
these groups using submanifold arrangements. 
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